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Summary. The results of Light and co-workers [J. Chem. Phys. 85:4594 (1986);
86:3065 (1987); 92:2129 (1990)] for the Hamiltonian matrix of a triatomic van
der Waals molecule in the discrete variable representation, DVR, is extended to
complex-scaled Hamiltonians. As an illustrative numerical example the J =1
resonances positions and widths of a van der Waals model system were obtained
by the calculation of the complex-scaled Hamiltonian matrix in the DVR
formalism.
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1. Introduction

It is now becoming routine to calculate bound rotation-vibration states of
triatomic molecules from first principles, and computer programs have been
developed by Sutcliffe, Tennyson, and co-workers [1, 2].

Taking into account rotational symmetry, the problem reduces to one
involving three internal variables. For an atom-diatom triatomic van der Waals
molecule, these are conveniently taken to be: r, the diatomic bond length; R, the
distance from the atom to the center of mass of the diatomic; and 0, the angle
between the diatomic bond and the van der Waals bond.

The rotation-vibration energy levels are then determined by the masses of the
atoms and the potential energy function V(R,r, #). Often, this function is
computed by quantum chemistry techniques, and is known at only fixed values
of 8. Bacic and Light have developed a technique — called the discrete variable
representation (DVR) — which is well suited to this situation [3].

* Supported in part by the Albert Einstein Research Fund, and the Fund for the Promotion of
Research at the Technion

** Permanent address: Department of Chemistry, University of Wisconsin-Madison, 1101 University
Avenue, Madison, WI 53706, USA



48 N. Lipkin et al.

Tennyson and Henderson have recently treated J =0 and J = 1 states of HF
using the DVR approach [4]. Their derivation is well suited for incorporation in
existing computer programs for triatomic molecules. More recently Choi and
Light determined the bound and quasibound states up to J = 60 of Ar-HCl van
der Waals complex by the DVR approach [5]. They obtained the resonance widths
by calculating the expectation value of the Miller—Schwartz—Tromp [6] outgoing
symmetrized flux operator. Another recent application of the DVR method is by
Mlidenovic and Bacic to the floppy HCN/HNC molecule [7].

The purpose of this work is to show that the DVR approach can be directly
applied to the calculation of resonance states through the use of complex-scaled
Hamiltonians [10—13]. The resonance positions and widths are associated with
complex eigenvalues of the DVR transformed Hamiltonian matrix and there is no
need to calculate the quasi-bound eigenvectors. In Sects. 2 and 4 we show that
by complex scaling of the dissociative coordinate only and by using a real basis
set in the solution of the adiabatic Hamiltonians, the DVR transformed Hamil-
tonian matrix has a complex symmetric form. As an illustrative numerical example
we chose a well-worked problem which has been used before as a testbed for new
theories and computational methods.

2. The complex wave equation

In order to determine the resonance positions and widths R is taken as the
complex scaled coordinate, R = R’ exp(iff) where R’ € [0, o0] and the non-disso-
ciative coordinates 8 and r remain unscaled.

We adopt a body-fixed coordinate system, as described in the introduction.
We specify that the body-fixed z-axis coincides with the van der Waals bond, and
that the diatomic lies in the body-fixed xz-plane. With these coordinates,
stationary state eigenfunctions of the total angular momentum (quantum num-
bers, J, M) have the form:

Y= 3 xo(R 1 0)Dy(afy) (1)

Q=—-J
where DY,, is a representation coefficient of the rotation from space-fixed to
body-fixed coordinates, and «, 8, y are the Euler angles specifying the transforma-
tion.
The internal wavefunctions y,, satisfy a set of coupled equations:
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In these equations, v, (r) is the diatomic potential energy; Q2 is the quantum number
of J, and j_; and j%(Q), /. () are the diatomic angular momentum operators. Also:

(L Q)=+ 1) — Q£ )7 (3)

The natural basis for representing the 0-dependence of the y, is the set of

associated Legendre polynomials, which satisfy
FPP=j(j+ )P
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Hence:
XQ(R9r30)= Z PJQ(B)X]Q(R"‘)s ]=Q9Q+19 (5)
j=a

Substituting this expansion into Eq. (2) and using the parity relation:

XQ(R: r, 9) =p(_)jX—Q(R) r, 9), pP= il (6)
results in an expanded set of coupled equations [8, 9].
{§+J(J+ D+G+D -2 P2 j+]D)
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In these equations, Q takes on only non-negative values greater than Q, where:
Q =[1-p(=)"]/2. Also:

Gew

Q> = ij‘-’ OV (R, r, O)PL(6) dry (9

For compactness of notation, it is convenient to write Eq. (7) in a matrix
notation:

(H—-Ely =0 (10)
where H is a partitioned matrix of operators:
H;—El —lgg., 0
—;L}E,Q+1 H!§+1_E1 —AQ_,_],Q_,_Z
H=\""0"" —2biigs2 Harz—El .. (1D

and y is a partitioned vector:

Xg
G +1
2= ars (1)

The diagonal matrices H, contain only diagonal elements except for the
matrix of V(R, r, ). The off-diagonal matrices A, o , , are matrices in which only
the elements on the diagonl lying below the main diagonal have non zero values.
As a result of the complex scaling the Hamiltonian matrix A given in Eq. (11)
has a complex symmetric form.

3. The DVR transformation of the complex symmetric Hamiltonian matrix

Following Bacic and Light [3], we define a non-square DVR transformation
matrix 79 with elements:
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T2 =w!?P2@,) a=1,2,...,N,;j=2,Q+1,...,N,+Q (13)

where 8, and w, are respectively the points and weights of a N,-point Gaussian
quadrature. The points and weights depend upon Q, but we shall not reflect this
in the notation (the definition of the quadrature points of Q > 0 is given in Sect.
4). Because of the properties of orthogonal polynomials:

THT?=T2T% =1 (14)
From the 79 we form a partitioned transformation matrix T with diagonal
elements 7%, and use it to transform Eq. (10):
TH(H —~ ENT(T'y) =0 (15)
or
(H-EDg=0

The advantage of this transformation is that it brings the matrix of V(R, r, 0)
into diagonal form. Let us examine this step in detail:

(TVT?),, =Y ¥ T8, <jQV|j@>T8 (16)
Jo

The rule for numerical quadrature is, however:
<J’Q |V|.]Q> = Z; P]‘}(ga”)V(Ra r, Gau)P]Q (Ha”)wrx”

=Y T2, TS V(R,1,0,) (17

Substituting Eq. (17) into Eq. (16), and making use of Eq. (14) gives:
(TQT VTQ)a’ac = V(R: r, Hu)(sa’a (18)

_ The disadvantage of the DVR transformation is that any term in H involving
J becomes nondiagonal. Thus we define L, with elements.

_ 1 1 N, +Q @ o
o = W13 T
Lyus [Mz 2 ] L JG+DIETE (19)
and Ly, with elements:

- A (J, Q) Nt .

Lm’,a,9,9+1 = _f+ —_;;RT _ §+1 '1+ (]s Q)T]{o)c Tji+1 (20)
j=
Then, the matrix A has the partitioned form:

ﬁﬁ_El Logia 0

(Lﬂﬂ+1) I{£‘2+1_E1 EQ+1£?+2 (21)
O LQ+IQ+2) HQ+2_E1
where the diagonal blocks have the structure:
I'_Ig = ﬁ?ziag + I_«z (22)
and
Py P2 JU+1)-20* _
Ages = Zk TU+D =22 5 )+ PR 1 6,) (23)

2 2,ud 2H_R2
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Except for the approximation made in Eq. (17), Eq. (15), with elements defined
in Egs. (19-23), is equivalent to the original set of coupled equations, Eq. (10).
The eigenvector 7 is still blocked according to 2, but within each block has
elements labelled by «. The eigenvector y is obtained by transformation:

x=Tx (24)

In Eq. (23), since 6, depends on €, it might be presumed that the potential
V would need be evaluated at all of the Gaussian points. It is consistent with the
approximation made in Eq. (17) to evaluate V at the points for © =0, and use
polynomial interpolation to evaluate V at the points for @ > 0. So far the use of
complex scaled coordinate R has not introduced any complication, apart from
the requirement that V' be dilation analytic in R’ (even this requirement can be
avoided by using the exterior scaling procedure).

4. The finite basis set approximation
The coupled equations represented by Eq. (15) may be solved approximately by

expanding j in a basis of product functions depending on R and r. We choose
eigenfunctions of the adiabatic Hamiltonian:

Py P2 .
{~—R +5-+ Vi) + V(R 1, 0,) — Ek(ezx)} (R, 1) =0 (25)
2u 2,
Note that when R is complex scaled ¢, and ¢, are complex too (for bound states
¢, are real). The complex ¢,, are obtained at «’s for Q=Q,Q +1,.... The

procedure by which the quadrature points for different 2 values are obtained is
described in Sect. 4 (see Eqgs. (36—-37)).

This basis is independent of J and Q, and can be used to expand the elements
of 7:

X0 = Z iR, 1)Crag (26)

The coefficients C,,, and the rotation-vibration energies E are then obtained as
eigenvalues of

(H—-EDC=0
where
HG"EIT LQ,Q+1 0
= | Laa)" Hay1—El Lo 04,
H= 0 (L§§+1,Q+2)Jr H,, ,—FEl 27N
where

ﬁa’k’,akﬂ = €,(0,) Anra Ark

JJ +1) — 202 1
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+ <¢k’a’ |l_’a'a§2 ’¢ka > (28)
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and
ﬁa’k’,uk,Q’Q = <¢k'u'|Ea'ag'n |¢km> (29)
Making use of Egs. (19) and (20), we have:
B Ny +Q o 1 1

<¢k’a’|La‘a9 |¢ku> = j=ZQ .](] + l)Tj‘ch T_ch)z <¢k’a" m} + 2—[WE |¢ka > (30)
and

_ N, + 8 ) 1

(Drallowga|Prd==FrA:. (L Q) Y A (G DTRTE L dpw| 753 | Ora >
=0+ 2uR

(31)

Thus, we see that, after solving for the eigensolutions {¢(6,), ¢}, we need only
compute the matrices of R =2 and r ~2 and diagonalize the matrix H to obtain the
rotation-vibration energies and wavefunctions.

5. Illustrative numerical example — Resonance positions and matrix
by the complex scaled DVR

Resonance positions and widths are obtained by performing an analytical
continuation [10—13] of the DVR formalism as has been shown in Sects. 3—4.
By scaling the reaction coordinate into the complex plane according to:

R' >R e®=R (32)

we obtain a complex symmetric Hamiltonian matrix. This matrix’s complex
eigenvalues give the resonance positions (real part of the eigenvalue), and widths
(imaginary part of the eigenvalue), provided that they are stable with respect to
variation of the scaling angle f.

We tested our method on a model potential proposed by Levine, Johnson,
Muckerman, and Bernstein [15]. The potential describes the interaction of
structureless atom weakly bound to diatomic rigid rotor.

The Hamiltonian of the system is given by:

. 1 , 02 PR -
H(R,O)—Z[—h Tmit Rz | T Bl 0+ VR O)

where
V(R, 0) = Vo(R) + V,(R)P,(cos 0)

=4[ (3) (%)
V,(R) = 0.6¢ (%)12 (33)

with the parameters
§=30A  ¢=384.092cm™’
B, =60962cm™!  p=134015a.u. (34)

rot

The J =0 resonances of this system were investigated using the Complex
Coordinate Method (CCM) by various authors [14,16—19]). The J =1 even
parity states were investigated by Chu [17].
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We applied the DVR procedure described in Sects. 1-3, using 30 harmonic
oscillator basis functions with frequency w =1 in order to describe the spatial
coordinate, and dissecting the angular coordinate into N, = 7 quadrature angles.

The quadrature angles are Q-dependent, and were obtained as the eigen-
values of a matrix 4:

Sl N 1
Ay = (P(0)| cos 8| P2(6)) = /(2 + D(Z + 1) (f) 0 J)(;z . ;) (35)

The eigenvectors of the 4 matrix give the quadrature weights, multiplied by
the appropriate polynomial:

T% =./w,P; (cos ,) (36)

The main advantage of this approach is that it prevents the need to calculate
directly the value of the associated Legendre polynomials at the quadrature
points.

The transformation vectors, T ]‘-;, are all we need in the subsequent calcula-
tions.

6. Results

Converged results for the J = 0 and the J = 1 resonances are presented in Tables
1 and 2, respectively.

For J =0, the converged value was arrived at with a scaling angle of
B =0.30 (see Fig. 1). For J =1 the resonances at positions 104.14 and 118.05
converged at f =0.28 and B =0.31, respectively (see Figs. 2, 3).

As can be seen from Tables 1 and 2, our results slightly differ from results
previously obtained for this system. This might be due to the fact that in Refs.
[14, 17 and 19] the wavefunction was expanded as a sum of only two (even)
j-states, j =0 and j=2, whereas, in our calculation, 7 quadrature points,
corresponding to j =0, 6 were used.

The convergence of the resonance of J =0, with respect to the number of
quadrature points, is shown in Table 3. It is indeed evident from Table 3, that
if we use 4 quadrature points, corresponding to j =0, 1, 2, 3, the result obtained
is very similar to the values of Refs. [14, 17 and 19]. Only the inclusion of an

Table 1. Comparison of resonance energies and widths for J =0 by various methods

Method Egz (em™Y) I (cm™Y
SFCcccee 114.47 1.79
BFCCCC? 11447 1.79
CCe 114 2.09
cCcMme 114.53 2.03
This work-complex DVR 114.05 2.03
This work-CCM® 114.05 2.03

2 Space fixed complex coordinate coupled channel method, Ref. [14]

b Body fixed complex coordinate coupled channel method Ref. [16]

¢ Numerical solution of coupled equations Ref. [15]

9 Space fixed complex coordinate method, Ref. [19] with P, and P, as the radial basis set
€ Same as d, but with Py, P, and P, as the radial basis set
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Table 2. Comparison of the complex resonance energies for J =1 by various methods

Method J =1 1% resonance energy J =1 27 resonance energy
BFCCCC? 103.041 — 0.233: 120.065 — 0.758:

BFCCCC CDP — 116.525 — 0.966i

This work 104.14 — 0.16{ 118.05 — 0.84i

2 Body fixed complex coordinate coupled channel method, Ref. [16]

b Body fixed complex coordinate coupled channel method, with centrifugal decoupling approxima-
tion, Ref. [16]
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Table 3. Convergence of the complex resonance energy
of J=0 with respect to the number of qaudrature

points — N,

N, J =0 Resonance energy
3 103.95 — 36.134i

4 114.52 — 0.991{

5 114.03 — 1.016¢

6 114.05 — 1.015¢

7 114.05 — 1.015¢

additional even j-state, j = 4, alters this result. We also repeated the calculations
of Ref. [19] for the resonance at J =0, adding P, to the radial basis set. The
result, also presented in Table 1, was identical to the result obtained with DVR.

It is not possible to use a very small number of points of the DVR
calculation, since the method is based on the expansion of the unity operator in
(associated) Legendre polynomials (Eq. (14)). The method is, therefore, espe-
cially suited to problems with strong coupling between different j-states, where
we anyway cannot truncate the expansion of the wavefunction in (associated)
Legendre polynomials after a small number of terms.

7. Conclusions
To obtain rotation-vibration wavefunctions, bound states and resonance energies
the following steps are required:

1. Solve Eq. (25) to obtain {€,(6,), s, (R, r)}. R is complex scaled by the factor
exp(if). The quadrature points of Q # 0 are defined in Egs. (36—37). In order to
get complex symmetric Hamiltonian matrices real basis functions to expand ¢,,
should be used.

2. Construct the matrices of R~2 and r 2 in the basis ¢,,.

3. Construct the complex symmetric matrix H (Eq. (27)) according to Egs.
(28-31).

4. Diagonalize A and obtain the eigenvectors C and energies E.

5. Construct the internal wavefunctions y,, using the transformations given by
Egs. (26), (24) and (5).

XjQ(Ra r) = z T_gx_a!)

= Z ; TngaQ(bka(Ra r) (37)
and

Xe(R, 1, 6) = 3 PP Opo(R 1), 220 (38)

j=

with
X.Q(-R, r, 9) =P( _)JX—.Q(R7 r, 9) (39)
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The formalism presented here results in a complex symmetric Hamiltonian
matrix. In such a case the expectation valve of any given operator O is defined
by:

J 1o(R, r®)Oxo(R, r, 0) dR dr dr, (40)

(i.e., {x%|0|ze>) and not by the conventional scalar product {xo|0|x0)).
However, it is not hard to apply the DVR approach to complex scaled Hamilto-
nians when complex basis functions are used. In such a case the Hamiltonian
matrix will not have a complex symmetric form and expectation values or
transition amplitude matrix elements should be calculated with some further
caution. The right eigenfunctions are obtained by the diagonalization of the
Hamiltonian matrix H (Eq. (27)) as described in the text. The left eigenfunctions,
however, are obtained by the diagonalization of the transposed matrix H* (see
the discussion on c-inner product in Ref. [20]). The numerical study given in
Sect. 5 illustrates the applicability of the complex DVR procedure in calculating
resonance positions and widths. The use of the DVR approach in calculating
resonance positions and widths of more realistic systems is now under process.
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